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or discrete sources are used, but is difficult to define in
more complex models with continuous flux through the
boundaries. Our method does not require this information,
making it a viable method for such cases.

* Since interpolation is used for tracing the fieldlines in the
surfaces and a trilinear method is used to find the null
points, our method only requires a grid of points at which
the three components of the magnetic field are defined,
thus making it suitable for numerical data. Most of the
other methods are generally only designed and imple-
mented for analytical point source fields (with the main
exception being the shooting method).

* Some authors (e.g., Refs. 49 and 51) acknowledged that
multiple separators between a pair of null points (a MCNP)
do exist, but they ignore them without any justification.
However, Haynes et al.'? and Parnell et al.** show that
MCNPs can actually play a key role in reconnection. In his
spine graph and cooling method, Beveridge49 is unable to
find all the separators in any MCNP. The progressive in-
terpolation, shooting, and (to a lesser extent) midplane
method are able to find multiple separators in MCNP to
some extent. In such cases our method works well, as
shown in Sec. V.

* One major advantage of our method is that, to calculate the
separators, we have to also find the separatrix surfaces
which may then be used to further understand the magnetic
field. However, in some cases, the complexity of the
separatrix surfaces is so great that further analysis is
challenging.

* In numerical experiments, determining the exact eigenval-
ues and eigenvectors of a null point is not easy. Thus our
estimate of the initial starting ring of the separatrix surface
is often slightly displaced from its true location. This is not
important on the global scale because, as the linear theory
of a null point demonstrates, all fieldlines in the local vi-
cinity of a null point quickly tend to the spine in one di-
rection and the separatrix surface in the other, so any error
in the initial ring is quickly corrected.

e Our method, like the progressive interpolation method,
does not directly trace along the separator fieldline. Instead
the separator is traced within a given tolerance between
fieldlines on the separatrix surface producing a small-scale
zigzag-like path of the separator especially near the far null
point. However, since these fluctuations are small (i.e., of
the scale of the distance between points on a ring) they can
be reasonably ignored. These small zigzags could be re-
moved using a simulated annealing method. Methods such
as the midplane method leave a small discontinuity in the
center while the rest of the separator is smoothly calculated
by fieldline tracing. The spine graph and cooling method
uses built in smoothing, thus giving the best representation
of the separator.

 Like the progressive interpolation method, in our method
all tracing is done in a single direction. This means all the
separators are independently traced from each of their two
null points, thus providing a simple self-checking mecha-
nism for every separator. In the models we have tried, we
have found that both ways of tracing the separators give
the same result.
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* Separatrix surfaces and separators which leave and then
re-enter the box cannot be traced, resulting in gaps appear-
ing in the separatrix surface. The only solution to this
problem is to increase the size of the box.

e All the previous methods in solar applications have rarely
ever been applied to nonpotential magnetic field models.
Although our method is reliable in nearly all cases includ-
ing many significantly nonpotential examples, there have
been a few null points for which the separatrix surface
portion of the algorithm fails. These failures seem to occur
in regions of highly spiraling field where the advancing
ring becomes distorted from being caught in the spiral and
it can overlap itself. It should be noted that the skeleton in
most of the nonpotential examples (regardless of whether
we succeed or fail) could not be found by any of the pre-
vious solar methods (see Sec. II).

V. EXAMPLES

This section shows a few examples of the type of models
where our skeleton code could be used. In this paper, we do
not concern ourselves with the details of each model, nor do
we give a full analysis of the results. This section simply
gives a brief demonstration of the sorts of highly complex
magnetic fields our tools can analyze but for which other
methods fail. In each of the examples shown here the mag-
netic field is nonpotential and is output from a numerical
experiment which has a continuous magnetic field imposed
on the boundaries of the box. These examples demonstrate
how common separators are in both solar and magneto-
spheric environments and indicates their importance.

A. Solar flux emergence

The first example demonstrates the effectiveness of our
suite of tools on a complex magnetic field. A study by
Maclean er al.”* has shown that a surprising number of null
points are found in a flux emergence experiment.ﬁf56 This
flux emergence model consists of a subphotospheric (below
surface of the Sun) flux tube with an overlying magnetic
field above the photosphere. The flux tube is then made to
rise up (by magnetic buoyancy) through the photosphere
where it interacts with the overlying field in the solar atmo-
sphere. In the process, many null points are formed and also
many separators are found linking various pairs of null
points. Due to the dynamic evolution of the magnetic fields,
as well as their continuous nature on the boundaries, it is
difficult to reliably define the sources and sinks and, hence,
connectivity methods do not work well in such an example.

We show one sample frame from this experiment in
which the separatrix surfaces and separators have been found
(Fig. 2). Due to the complexity of the separatrix surfaces, we
have chosen not to plot them. A number of separators con-
nect the null points, with the most important being the high-
est separator which threads through the region of high paral-
lel electric field (a signature of 3D magnetic reconnection
and energy release). Another two separators are also clearly
seen to connect the same pair of null points, although these
head under the photosphere for part of their respective
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FIG. 2. (Color) The null points, null point clusters, and separators in a
model of flux emergence (Refs. 53-56) (a) A 3D view of the model, with
positive and negative null points (small red and blue spheres), null clusters
(large red and blue spheres), and separators (purple). A contour of the ver-
tical magnetic field through the photosphere (black: downward, white: up-
ward), some sample fieldlines (green: flux tube; yellow: flux tube to over-
lying; red: overlying to flux tube; orange: overlying), and an isosurface of
parallel electric field (green) are also drawn. (b) A null graph of the mag-
netic skeleton with the addition of the null clusters (semitransparent
spheres). This clearly shows the chain of ten null points connected by sepa-
rators (enhanced online). [URL: http://dx.doi.org/10.1063/1.3467499.2]

routes. The other null points do not give rise to long separa-
tors. Instead these are connected by short separators that cre-
ate a “separator chain” through each of the two clusters of
null points. Although it is clear that the separators are highly
important for understanding this model, we will leave the
details for a future paper.57

B. Flux tube model

Another example is taken from a model of two sub-
photospheric flux tubes in the convection zone of the Sun’s
interior.>® Here, two twisted flux tubes have been placed in a
numerical box at right angles, one above the other. The den-
sity of the lower tube has been slightly decreased midway
along its length so that the tube is no longer in equilibrium
(similar to the method used in the flux emergence example),
so that it rises upward and into the upper flux tube. Once the
two flux tubes meet, they interact with each other, with re-
connection occurring between the two tubes.

In Haynes and Parnell,44 we found a total of six null
points in one frame of the evolution. Here, we expand on this
by finding the separators within this frame. The six null
points were found in two lines on either side of the upper
tube: one side has two positive and one negative null point,
the other has two negative and one positive null point (Fig.
3). Between them, we found 15 separators, three within the
groups of three null points and 12 between the two null
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FIG. 3. (Color) (a) A model of two flux tubes passing through each other,
with the null points colored in blue (negative) and red (positive). The solid
and dashed lines (blue, aquamarine, violet, green, and orange) between the
null points are separators and the faint purple and yellow lines are sample
fieldlines in the two flux tubes. (b) The null graph of the magnetic skeleton,
showing both dashed and solid separators as solid lines of the same color.
(c) A closeup of the center of domain without the sample fieldlines showing
the scissors crossover of the P2-N2 separators (green) (enhanced online).
[URL: http://dx.doi.org/10.1063/1.3467499.3]

groups. All of these twelve pass between the two flux tubes
providing many possible reconnection sites. Again, many
null pairs are multiply-connected with multiple separators
(4, 3, 3, and 2) connecting different pairs of null points.

As seen in previous examples, some of these separators
roughly follow other separators for various proportions of
their length. This occurs to the greatest extent in the null pair
with four separators (P2-N2) where there are two pairs of
two separators following very similar paths for about half
their length, followed by a “scissors crossover” where two
separators swap between the pairs to make a different pairing
for the other half of their lengths. The central position of
these separators is the main site of the reconnection in this
frame® which suggests that once again the separators are
important for reconnection.

C. Magnetosphere model

In this example, we consider a numerical model of the
Earth’s magnetosphere. In this model, a dynamic evolution
of the magnetosphere is considered with a northward inter-
planetary magnetic field (northward IMF) inclined at a fixed
clock angle of 45° directed toward the Earth with a constant
solar wind. In Dorelli et al.,5 they found four clusters of null
points in the day-side portion of the model, two in the upper
cusp region and two in the lower cusp region. Two clusters
have equal numbers of positive and negative null points
(labeled B and C in Fig. 4, each with a topological degree of
0), one in the upper cusp has an extra negative null point
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FIG. 4. (Color) (a) A model of the Earth’s day-side magnetosphere with
northward IMF (Ref. 5) with the null points (red and blue small spheres),
null clusters (large spheres), and separators (purple lines) plotted about the
Earth (blue/green sphere). Filled contours of pressure between 4.3 X 107!!
and 130X 107! Pa are plotted on two surfaces through the center of the
Earth (aqua, green, yellow, and red). (b) The null graph for this frame
(enhanced online). [URL: http://dx.doi.org/10.1063/1.3467499.4]

(labeled D with topological degree +1) and one in the lower
cusp has an extra positive null point (labeled A with topo-
logical degree of —1). Using the shooting technique, Dorelli
et al.’ were able to demonstrate that there was at least one
separator (or more) between the upper and lower cusp
regions, which lay in the thin current sheet of the magneto-
pause, suggesting its involvement in reconnection on the
Earth’s day side.

Using our method, we were able to find the complete
magnetic skeleton of the day-side magnetic field. Instead of a
single separator, we find six separators between the lower
and upper cusp regions (Fig. 4). Six separators were also
found inside the null clusters, creating a linked network of
null points by separators of all but two of the null points.
Like the other models, the separatrix surfaces are too com-
plex to be plotted. All six intercluster separators thread
through the same thin current sheet behind the bow shock,
which suggests that these separators are all likely sites of
reconnection. In a future paper, we intend to investigate the
details of the reconnection at these separators, as well as
determining any separators that occur on the night side of the
Earth.

V1. CONCLUSIONS

In this paper, we propose a new suite of tools for finding
the magnetic skeleton. This includes tools to find null points,
spines, separatrix surfaces, and separators. Null points are
found using the trilinear method of Haynes and Parnell,**
which reliably finds the locations of the null points at subgrid
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cell resolution. Spines are located by using an eigenvector of
the linearized field about the null point. The other eigenvec-
tors for this null point are then used as starting points to find
the complete separatrix surface, which is found by consider-
ing a set of rings recursively calculated from rings closer to
the null point while resampling the points on the outer rings
to maintain resolution. The rings break at any other null
points they may encounter with each break indicating the
location of a separator on this separatrix surface. The sepa-
rator is easily traced back through the surface to locate its
full length. In fluid dynamics, Theisel et al.*® devised a simi-
lar method for finding separation surfaces (akin to separatrix
surfaces) and saddle connectors (akin to separators), but
there are some significant differences between our method
and theirs (see the Appendix).

In MHD, most of the existing methods have been de-
signed for magnetic fields generated by point charges or re-
quire knowledge of the connectivity of magnetic fieldlines,
which may not be easily defined. These two restrictions
make the shooting, midplane, progressive interpolation, and
spine graph and cooling methods unsuitable for use on gen-
eral magnetic fields with continuous flux distributions and
known only on a numerical grid. Our suite of tools, on the
other hand, was designed for use on all magnetic fields, in
particular those created by numerical experiments and with
continuous flux through the boundaries, thus providing a
suite of tools suitable for finding the skeleton of any general
magnetic field, as demonstrated by a series of examples.
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APPENDIX: SIMILARITIES AND DIFFERENCES
TO THEISEL’S METHOD

It was not until we were in the latter stages of working
on our tools that we became aware of the work in fluid
mechanics* to find saddle connectors (akin to separators) in
the velocity fields of fluid dynamics (FD). Our algorithm is
very similar in many respects, but has also a number of sig-
nificant differences.

Both methods start by using an initial ring of points (or
rake in FD) calculated using the eigenvalues and eigenvec-
tors of the linearized field about the null points (or saddle
points in FD). Then both methods trace the separatrix sur-
faces (or separation surfaces in FD) forward along fieldlines,
with the distribution of points updated on the outermost ring
(by interpolating new points). However in our method, this is
done by advancing the complete outer ring of points at each
iteration step, whereas Theisel’s method uses the method
given by Stalling59 and Hultquist60 to advance the ring by
tracing forward (small) parts of the ring while ensuring its
orthogonality to the field. Thus, our method provides a
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simple array of rings, with each ring at a constant distance
along fieldlines from the null point (provided fixed-step in-
tegration is used), whereas Theisel’s produces a triangulation
useful for the visualization of the separatrix surface.

In our method, should the ring meet an opposite-polarity
null point it is broken and a separator is identified. Thus, we
only need a single separatrix surface to be traced to find any
separators from a single null point. Theisel et al.,*® on the
other hand, advance all separatrix surfaces simultaneously
and check all pairs of them for any intersection. Their ap-
proach requires far more memory than our approach and
does not provide a checking method for the separators. In
both methods, having found a point on both the separator and
separatrix surface, the path of the full separator on this sur-
face is found by tracing back along the points of the field-
lines stored from the outward tracing part. These differences
should have little effect on the eventual outcome of the meth-
ods, with the alternative approaches having both advantages
and disadvantages.
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