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A magnetic null point is a point in a magnetic field where all the components of the field
are zero. In 2 dimensions:

B, =B, =0

This tells us little in itself about the local magnetic structure; the topology of the field in
the immediate vacinity of one null point may be quite different near another. However, if we
assume that the magnetic field near a null point approaches zero linearly, we can approximate
the components of the magnetic field in this region by means of a two variable, first order
Taylor expansion about the neutral point Xy, Yy. Consider the x component:

0Bx

Bx ~ Bx(Xo,Yy) + — X —Xo)+ — Y - Y,
X x(Xo, o) 0X XO,YU( 0) oY XO,YO( 0)
Retain only the first order, linear terms:
8BX aBX
By ~ —= X —Xg)+ — Y — Y,
X 0X Xo,Yo( 0> oYy X07Y0( 0)
Choose an origin such that Xy =Yy = 0.
0B 0B
By ~ —2 =2y

Similarly for y:

We may then express the magnetic field near a null point (to lowest order) as

B=Mr
0Bx 0By

where M = 6aé§/ 8?91; and r = (X, Y)"
ox oYy

*In this section I will be drawing heavily on the theory developed by Parnell et al. in The Structure
of Three-Dimensional Magnetic Neutral Points, but justifying the results stated in this paper in greater
mathematical detail. It is possible that, at some points, Parnell may have a different approach in mind to the
one I have adopted.



For simplicity, we rewrite the above matrix as

M= (Cln CL12>

ag1 A2

However, this matrix can be simplified and rewritten in a form that will lend itself more
readily to meaningful analysis. First, we impose the solenoidal constraint,

0Bx 0By
VB=0=—=—=0=a1=a2x=0.=a1 =—a
X BY% 11 22 11 22
The diagonal entries are associated with the potential part of the field (they do not show
up in the expression for the current below), so we let a;; = p, ass = —p.

Consider now the current,

1 1 1
J=—VxB=—Vx < Pt ) :—(0,0,agl—alg)
Ho Ho az1 —p Ho

We can conveniently rewrite

1 1
a1 = 5(61 —J.), an = 5((14' J.)

N

Thus for a current-free neutral point, where J, = 0, a5 = as = Therefore the
parameter ¢ is associated with the potential field. The matrix M may now be stated in its

final form:

1 The Threshold Current

From the square root of the discriminant of the characteristic equation of the symmetric part

of M, we define a threshold current,

JthTesh =V 4]72 + q2 (2)

which we note is only dependent on parameters associated with the potential part of the

field. The proof proceeds as follows:

Mg = ;(M+MT)
v 577 ) Gl 57
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2 2

det<MS—A):—p2+A2—qZ=o:»A2—(p2+qZ)=o

This yields a discriminant
d=4p* + ¢°

Jthresh = \/a =\ 4p2 + q2

Thence:

as given above.

2 The Flux Function

We now determine the flux function A — an expression that characterises the geometry of the
magnetic field, defined to obey the solenoidal constraint). It satisfies

0A 0A
o BT ax

Since B = M.r, Bx = pX + (¢ — J.), and By = 5(¢ + J.) — pY. Hence:

Bx =

1
A= /BXdY = pXY + 1(q = L)Y + f(X)

A= —/Bde S Cl(q +J)X? —pXY) +AY)

Therefore,

1
A= (lg= 1)V (¢ + 1.)°X?) +pXY

This expression can be further simplified by a rotation of the XY axes, allowing us even-
tually to rewrite it as

1
A= Z {(Jthresh - Jz)y2 - (Jthresh + Jz)xﬂ ) (3)

ie. a function of the two parameters Jy,,..sn and J,. The proof proceeds as follows:

Rotate XY-axes through an angle 6,
X\ [ cost) —sinb x
Y )\ sinf cosf Yy
1

A=7 ((q — J.)(wsind + ycosh)? — (q + J.)*(xcost) — ysin9)2) +

to give

p(zcosh — ysinh)(xsinb + ycoso)

Expanding, and factorising in 22, 4% and xy, yields

1 1
A= 2? Z(q — J.)sin?0 — Z(q + J.)cos*0 + psinfcost| +



1 1
y> {4(q — J,)cos*0 — Z(q + J.)sin0 — psin@cos@} +

xy [qsin@cosQ + p(cos® — sm29)}
Now let tan26 = —25. First, consider the xy term:

gsinfcosd + p(cos®0 — sin®) = gsin% + pcos20 = —pcos26 + pcos20

ie. the zy term disappears. Next, consider the z? term:

1 1 1 1 1
2 - . o .
7 (q Jz)f2 (1 — cos20) 74(q + Jz)f2 (14 cos20) + 2psm20}

2 2 Ap?
= —% (qcos20 — 2psin20 + J,) = —xz <QC0529 + L 0520 + Jz)
q

(i)
2\ ey 0
2
x
- _? (Jthresh + Jz)
Finally, consider the y? term:

(g — J)(1 + cos20) — (¢ + J,)(1 — cos26) — 4psin20)]

OO‘QQM OO‘QQM

y2 4p2
(gcos260 — 2psin26 — J,) = n (qcos29 + —c05260 — JZ>
q

y2

4 ((4192 +¢%)?

2
= yz (Jthresh - Jz)

(4p* + ¢*) — Jz>

And hence,
1
A= Z [(Jthresh - Jz>y2 - (Jthresh + Jz>x2]

3 The Eigenvalues

Finally, we determine a general expression for the eigenvalues of M.

det(M —X) = (p—N)(—p—\) — i(q —L)(g+J)

1 1
= )\2 — 1(4]72 + q2 - Jzz) = )\2 - Z(thresh - JZZ)

1
A= :i:i Y ‘]t2hresh - Jz2

It is apparent that, if J, < Jipresn, then A € R, and if J, > Jipresn, then A € &

Hence,
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4 Classifying 2d Nullpoints

4.1 Potential Null Points

A potential field is 'current free’, ie. J =0 = J, = 0. It follows that M is symmetric in the
potential case, and from (4) the eigenvalues are given by

1
A==x-J reshs
9 thresh

Thus we have two real non-zero eigenvalues. From (3) it is apparent that the flux function
is simply
J,
A= thiesh (yg _ 332)

From the flux function we can quickly discover the geometry of the field lines.

6/1 Jthresh aA Jthresh
Bx = — = 5 B = —— = .

ay 2 VT Tor 2 ¢
dy _ B, _ ¥ _ 2 2 _
%_fo_;ﬁydx—xdyey 7 =c

Plainly, for c =0 — y = +x, and for ¢ # 0 — y = V¢ + 22.

The field lines are thus rectanglar hyperbola with separatrices that intersect at an angle
of 5. We call this an X-type neutral point, and it is the only possible configuration in 2d for
a neutral point in a potential field.

4.2 Non-Potential Null points

Although we are concerned with a potential field extrapolation in this investigation, we briefly
consider here the case of 2d neutral points in a non-potential field. 2d neutral points with
current are classified by the magnitude of J, and Jip,csn.

L. |J.| < Jinresn: Here, (4) — the eigenvalues are real, equal in magnitude, and opposite
in sign, and (3) —A = ay? — bz? where a,b > 0, ie. the field lines are hyperbolae with
separatrices that intersect at an angle of

1
tanfl ((thresh — JZQ)Q)

J

Again, we have an X-type neutral point, which reduces to the potential case (rectangular
hyperbolae) as J, — 0.

2. |J.| = Jinresh: (4) — the eigenvalues are both zero. (3) —

1 2 —
A= _ijthreshx ) Jthresh - Jz
— 1 2 —
§Jth7"eshy ) Jthresh =—Jz

Hence,
_ % _ { 07 Jthresh = Jz

B, =
ay Jthreshya Jthresh =—Jz
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B, — _% _ Jthreshxy Jthresh = Jz
v Ox B Oa Jthresh =—Jz
Therefore,
d
J=— Z—>—y:O—>y:const
dx
d
J:JZ—>—x=0—>x:const
dy

Thus this configuration produces anti-parallel field lines with a null either along the x-axis
or the y-axis.

3. |J.| > Jinresn: Here, (4) — the eigenvalues are complex conjugates.

For the case Jyppesn = 0, (3) —

A= —{f(:f +y7)

ie. the field lines are circular and centred around the origin.

For the case Jipresn # 0, (3) —

1
A= —i(ay2 + bz?)

(where a, b are constants, both greater than zero), ie. the field lines are concentric ellipses.



